Abstract. Let K be a field, G a finite group, and ρ : G → GL(V ) a linear representation on the finite dimensional K-space V . The principal problems considered are:
Let G be a finite group of order g, K a field of characteristic relatively prime to 2g with an involution (possibly the identity) a →ā, and ρ : G → GL(V ) a linear representation of G on the finite dimensional K-vector space V .
The group algebra KG has an involution¯extending that on K and inverting the group elements. Since KG is a semisimple algebra, the involution algebra (KG,¯) is a direct sum of simple involution algebras:
where each A i either is a simple algebra stabilized by the involution or is a "simple hyperbolic algebra" -a direct sum of two simple algebras interchanged by the involution. Now let
be a symmetric, skew symmetric or Hermitian form on V (we assume throughout that all forms are nonsingular) which is G-invariant. The decomposition
of the KG-module V into "isotypic" components is an orthogonal direct sum. (A i V is the direct sum of two isotypic components in the usual sense if A i is hyperbolic.) The restrictions of h to these isotypic components are called the isotypic components of h, and two forms are called isotypically equivalent if their corresponding isotypic components are equivalent.
To say that h is G-invariant is the same as saying that ρ is an orthogonal representation G → O(V, h), a symplectic representation G → Sp(V, h) or a unitary representation G → U(V, h), according to the type of h. We refer to such representations as equivariant representations.
Two equivariant representations ρ and ρ are (equivariantly) equivalent if there is an isometry between their forms which is also KG-linear. There are therefore two obvious necessary conditions for ρ and ρ to be equivalent, namely (i) ρ and ρ are equivalent as linear representations, and (ii) their underlying forms are isotypically equivalent. This allows us to restrict our attention by and large to the isotypic case, that is to say, when V = A i V for some i. (In this case we say that V , or the associated representation of G, is A i -isotypic or isotypic of type A i .) Furthermore if the involution algebra (A i ,¯) is hyperbolic, linear equivalence implies equivariant equivalence, and so we can assume in addition that A i is a simple algebra.
Problems I, II and III were solved earlier for K algebraically closed or real closed.
In the algebraically closed case, Frobenius showed that two orthogonal or two symplectic representations are equivalent if and only if they are equivalent as linear representations ( [13] , pp. 184-186); furthermore, Frobenius and Schur characterized linear representations which are equivalent to an orthogonal or symplectic representation (cf. [22] , §13. 2) , that is to say, for which there is a G-invariant symmetric or skew symmetric form.
In the case of a real closed field K, Fröhlich and McEvett showed ( [9] , Prop. 4.9) that two unitary (over K( √ −1)) or orthogonal representations are equivalent if and only if they are linearly equivalent and their underlying forms are isotypically equivalent. They also showed that an invariant symmetric or Hermitian form on an irreducible KG-module is definite. Of course the existence of an invariant positive definite symmetric or Hermitian form on an arbitrary KG-module V is well known when K is formally real -one such form is s∈G f (sx, sy), where f is any positive definite symmetric or Hermitian form on V .
Recently, G. Nebe has given a method in [16] for calculating, under certain circumstances, the determinant or the Hasse invariant of an invariant symmetric form of a representation of a perfect group over a totally real number field, and in [17] she gives a recursion formula for the invariant symmetric form of certain irreducible representations of a symmetric group. This form is also determined, using different methods, in [10] -we give an example in §6.
Another result relevant here is the following (cf.
§1.3): If ρ : G → GL(V ) is a given linear representation, there is at least one G-invariant form h of a given type (symmetric, skew symmetric or Hermitian) on V if and only if the following hold:
Symplectic representations (cf. §2). From this we get a conjugacy result: Let G and G two subgroups of Sp(V, h) of order relatively prime to char K such that either
II Let

G is a symmetric group, or 2. G and G are of odd representation type, and K is either finite or a splitting field for G.
Then G and G are conjugate in Sp(V, h) if and only if they are conjugate in GL(V ).
For the determinant det(¯) of an involution, see §1.2.
Unitary representations (cf. Theorem 3.1, Theorem 4.1, Corollary 4.4, Theorem 5.2). The case K local, (A,¯) orthogonal, D = L = K, n odd, and m = 1 is not completely resolved; its solution depends on the calculation of "trace forms" in the extension L/K. This is carried out in Theorem 4.9 when K is nondyadic (which means, given our assumptions on K, that K is not a finite extension of the 2-adic numbers Q 2 ). The dyadic case is unresolved, but a partial solution (for the trace form problem) can be found in [6] .
K finite. I, II and III. There is only one equivalence class of Hermitian forms of a given rank, invariant or not, and two arbitrary (not necessarily isotypic) unitary representations of G are equivalent if and only if they are linearly equivalent. K local. I and II. Let A be a simple algebra component of KG, stable under¯, V an A-module of length m, and h an Hermitian form on V . There is a G-invariant Hermitian form on V equivalent to h if and only if n is odd or det h = N L/K (det(¯)) m . If h is an invariant form, there is exactly one class of unitary representations G → U(V, h ) if n is odd; if
The proofs, when V = AV with A simple, are based on the determination of h in terms of the matrix h 0 (cf. §1.2) and the discriminant matrixh of the formh over D which corresponds to ρ under Hermitian Morita equivalence (cf. §1. 4) . This computation appears in its simplest form when A is split: then the discriminant matrix of h is simply
There is an extensive theory calculating the Witt group of equivariant representations, even in the integral case -cf. [23] , [4] . But this work does not concern itself with the questions dealt with in this paper.
If K is a global field, we give a proof of the Hasse Principle (Theorem 5.6) for equivariant representations of finite groups over K. It describes the precise conditions under which the equivalence of two equivariant representations over a global field K is implied by their equivalence over all completions of K.
This theorem is well-known in the sense that anyone familiar with the Fröhlich-McEvett theory [9] and the Hasse Principle for -Hermitian forms over division algebras over global fields (cf. [21] , p. 347) is aware that such a result exists. But to my knowledge, it is not documented in the literature.
The Hasse Principle always holds for unitary representations, but its validity in the orthogonal and symplectic cases depends on the nature of the representations as linear representations -see Corollary 5.10. 
Preliminaries
Sesquilinear forms over fields and division algebras. If
A proof for the bilinear case can be found, e.g., in [15] , Lemma 2.2, and a similar proof applies to the Hermitian and skew Hermitian cases if one carries out the calculation using a basis of L 0 over K 0 .
The following result of Milnor ([15] , pp. 89 and 91) is critical in the study of equivariant representations over local fields: 
where (a i , a j ) K stands for the Brauer class of the quaternion algebra -which we also denote by (a i , a j ) K .
Lemma 1.3. (i) If
(iv) Let h 0 be another symmetric form, say of rank n. Then
These are either well known or easily checked. The equivalence theory of forms over finite, real closed, local (non-Archimedean) and global fields is summarized in the following 
In the first case, the group generated by the automorphisms¯⊗ id L1 and id By Brauer's Theorem ( [22] , p. 24), every representation of G over K is split (i.e. K is a splitting field of G) if the exponent of G divides the order |µ(K)| of the group of roots of unity of K, or if it divides the order of the multiplicative group of the residue class field when K is local.
We note that G has odd representation type if it has odd order or is Abelian, or more generally if it has a normal Abelian subgroup of odd index. See [22] , Corollary, p. 61, for the case of characteristic 0. The case of prime characteristic p follows from the fact that any absolutely irreducible representation over a field of characteristic p which contains a primitive g th root of unity is the reduction "mod p" of an absolutely irreducible representation in characteristic 0.
The 
It is useful to define as well the determinant of an involution of the second kind on a central simple algebra A of even degree. In this case, with the assumption
It is not difficult to check that it is well-defined, since A has even degree.
We note that it follows from [14] , 2.5, that a simple module V over A supports a nonsingular Hermitian form respectively skew Hermitian form h : V × V → A if the simple involution algebra (A,¯) is orthogonal respectively symplectic -and if A is has index > 1 or if (A,¯) is unitary, it supports both. In the exceptional case when A has index 1 and the involution is of the first kind, it supports only an Hermitian form if the involution is orthogonal, and only a skew Hermitian form if the involution is symplectic.
Every orthogonally indecomposable nonsingular Hermitian or skew Hermitian space (V, h) over a simple hyperbolic involution algebra is hyperbolic (of length 2), and is uniquely determined up to equivalence. Now let K be a real closed field, and denote by H the unique quaternion division algebra (−1, −1) K over K. It is known that all simple components of KG are stable under the canonical involution (which is the identity on K), and that for each of the three possibilities
, H, the induced involution is conjugate transpose; it is orthogonal, unitary or symplectic respectively. See for example [9] 
It is clear that this is the same thing as 1 g Tr reg , where Tr reg is the "algebra trace" arising from the regular representation.
If A 1 is a separable K-algebra, recall that trd = trd A1/K : A 1 → K denotes the reduced trace.
Proof. The regular trace of A is the restriction of the regular trace of KG, and is also nd trd A/K .
Let h : V ×V → K be a (nonsingular, as always) -Hermitian form with = ±1 -if the involution on K is the identity, we interpret this to mean that h is symmetric or skew symmetric -and ρ : G → I(V, h) an equivariant representation, I = O, Sp, or U. The equivalence class of ρ is determined by the equivalence class of the nonsingular -Hermitian form
over the group algebra KG with the canonical involution (cf. [8] , §7). Note that
and thatĥ is the unique -Hermitian form on V satisfying (1.3).
Let (KG,¯) = r i=1 (A i ,¯) be the decomposition of (KG,¯) into simple involution components. The associated orthogonal decomposition
with respect to h is also an orthogonal decomposition with respect to the formĥ. The restrictionĥ i ofĥ to the isotypic component A i V takes its values in A i and so can be considered as an -Hermitian formĥ i :
Since any isomorphism of KG-modules is an isomorphism on corresponding isotypic components, the equivalence class of the equivariant representation ρ is therefore determined by the equivalence classes of theĥ i . If A i is a simple hyperbolic involution algebra, the equivalence class ofĥ i is completely determined by the length of the A i -module A i V (see [14] , §2, especially 2.3), and hence by the equivalence class of ρ as a linear representation.
This means that ρ is determined up to equivalence by its linear equivalence class and its isotypic subrepresentations G → I(A i V ), where A i runs over the simple algebras fixed by the involution of KG. Suppose that these simple algebras are
We can now apply the Hermitian Morita theory ( [8] , §8, or §1.4 of this paper) tô h 1 , . . . ,ĥ k . This yields formsh 1 , . . . ,h k , whereh i is a symmetric, skew symmetric, Hermitian or skew Hermitian form over the division algebra which is Brauer equivalent to A i . Once again the equivalence classes of theh i characterize the equivalence class of ρ. Moreover, if ρ is orthogonal respectively symplectic and A i has index 1 with¯symplectic respectively orthogonal, thenh i is a skew symmetric form and so is completely determined by dim K A i V . Thus we can ignore such A i as well. 
Condition 1 arises from the fact that if D is a division algebra with an involution, there is a nonsingular formh of any type (symmetric, skew symmetric,. . . ) and any given rank m ≥ 1 over D unless D is a field with trivial involution,h is skew symmetric, and m is odd. Condition 2 results from the fact that any nonsingular -Hermitian form over a hyperbolic algebra is hyperbolic ( §2, [14] ).
Explicit Hermitian Morita theory and transfer theory. Suppose that D is a division algebra over K, with an involution
* which is compatible with the involution on K. 
Lemma 1.6. (a) The map
Proof. 
Thus f is the generalization of the notion of "discriminant matrix" (sometimes also called the "Gram matrix") of a sesquilinear form over a division ring. It is of fundamental importance in this paper.
We note that f is nonsingular if and only f is an invertible matrix, and f is -Hermitian if and only if f
We give next a matrix version of Hermitian Morita theory for A = M(n, D). We refer to Chapter 4 of [20] for the "ordinary" Morita theory (between categories of modules) and to §8 of [8] for the Hermitian Morita theory.
Let B = M(m, D). We have perfect pairings
given respectively by
satisfying the "associative laws" Hermitian Morita equivalence in the case at hand is very easily described in terms of the discriminant matrix; we give it here only in the case of interest to us, when h 1 is defined on the simple module [8] ), wherev i stands for the vector v i ∈ V considered as a vector ofV 1 
This is the analogue of (1.4) for a form on a right module instead of a left module. Thus the discriminant matrix of H is h 0 .
We identify the twisted bimoduleV 1 with the A-dual V *
n×k , and suppose that the discriminant matrix of f is f . We wish to find the discriminant matrix of the sesquilinear form (V 1 ⊗ A U, Hf ) over D which corresponds to (U, f ) under the Hermitian Morita equivalence effected by h 1 and H. Both of the mappings
are isomorphisms of left D-spaces, and their composition takesv
. We identifyV ⊗ A U and D 1×k by this isomorphism. Now by definition of the product form Hf ,
A straightforward computation shows that
1 , which implies that the discriminant matrix of Hf is 1 f . This explicit version of the Hermitian Morita theory underlies our computation of the equivalence classes of equivariant representations in the rest of the paper, and we now describe the version of it which will be used.
If the involution on A = M(n, D) is of the first kind and D is a quaternion algebra, we choose it to be conjugation * . Now choose h 1 :
Then h 1 is 0 -Hermitian with respect to¯and its adjoint involution on D is the involution chosen above; in particular it is conjugation if it is of the first kind and D is a quaternion algebra.
We now apply Lemma 1.7 to get:
Lemma 1.8. With the foregoing notation, the -Hermitian form
corresponds via the Hermitian Morita theory arising from h 1 to the 0 -Hermitian formh
And if D is a quaternion algebra and the involution on A is of the first kind, the involution on D is conjugation.
Remark 1.9. In the exceptional case when (A,¯) is symplectic of index 1, the correspondence between forms over A and over L = cen A under which the form over A with matrix f corresponds to the form over L with matrix f is a category equivalence, since for example the functor (W, g) (W, −g) is certainly an automorphism of the category of bilinear forms over L. But this correspondence does not arise from a Morita equivalence.
We now use the discriminant matrix to compute the transfer trd A/Lĥ of the -Hermitian formĥ over A; the transfer is an -Hermitian form over L (symmetric or skew symmetric if¯is the identity on K).
We note that if a = (a ij ) ∈ A, then
Define trd A/D a = i a ii . This depends on the identification A = M(n, D), but is nevertheless useful. The above formula becomes
A straightforward matrix computation proves:
and its determinant is
Now consider the case where A has index > 1, i.e. D is not commutative. We can suppose that h 0 andĥ are diagonal matrices, say h 0 = η 01 , . . . , η 0n and h = η 1 , . . . , η m . Note that for all i and j, η * 0i = 0 η 0i and η * j = 0 η j . The one dimensional form
is an -Hermitian form with respect to the involution
of D. Another matrix computation proves: (1.9) , where H ij is a one dimensional -Hermitian form with respect to the involution (1.10) .
an -Hermitian form and is the orthogonal direct sum of the transfers from D to L of the nm forms
(b) Suppose that h 0 = η 0 I n (for example, h 0 = I n ). Then the transfer
is a nonsingular -Hermitian form with respect to the involution
and its transfer to L is the transfer ofĥ to L,
, is given by
If K is a non-Archimedean local field and D is the unique quaternion algebra over K, with conjugation * as its involution, it is always possible to achieve h 0 = ηI n except in the case n even and h * 0 = −h 0 . See Table 1 in §1. The next lemma is useful in calculating the transfers of the H ij . Let D be a central quaternion division algebra over K with an orthogonal involution¯. There is a pure quaternion j such thatd = j
is a rank 1 Hermitian form, there is another pure quaternion η such that
With this notation, we have:
, and is isotropic (hence hyperbolic) if and only if
Proof. Conjugation by j of the space D 0 of pure quaternions is an involutory linear transformation, and it follows, by consideration of the eigenspaces, that we can find another pure quaternion i = 0 satisfying η = θj + δi with θ ∈ K, ij = −ji, and δ = 0 or 1.
Its determinant is 4β 
Symplectic Representations
Because of the fact that two nonsingular skew symmetric forms are equivalent if and only if they have the same rank, symplectic representations are considerably easier to deal with than are orthogonal or unitary representations, and so we treat them separately here.
We now prove the statements on symplectic representations given earlier.
Ifĥ is an m × m matrix, the form h(u, v) = Tr A/K (uĥv * h 0 ) on D n×m will be skew symmetric if and only ifĥ(u, v) = uĥv * h 0 is skew Hermitian. Suppose that (A,¯) is orthogonal and of index 1. Thenĥ must be skew symmetric (in order for h to be skew symmetric). This verifies II (in the orthogonal case) for any field K if (A,¯) has index 1. This is always the case if K is finite or real closed -see §1.2 -which proves I for these fields (by Table 1 ).
Suppose next that (A,¯) is orthogonal but has index > 1. Recall that we assume that the involution * on D is symplectic when D = L. Since h 0 is then skew Hermitian,ĥ must be an Hermitian matrix, so the equivalence classes of symplectic representations on V are in bijective correspondence with the equivalence classes of Hermitian forms of rank m over D by Hermitian Morita theory. There is only 1 when K is local, by Table 1 . Now suppose that K is global. We must count the number of Hermitian forms h of rank m over D, a quaternion division algebra with the canonical involution. If D splits at the prime p of its center L,h p is an Hermitian form over M(2, L p ) with a symplectic involution. Thus we can assume thath p (u, v) = uĥv t h 1 , where h 1 is a skew symmetric matrix of degree 2. Therefore, as a 2m × 2m matrix over L p ,ĥ is skew symmetric and so is uniquely determined up to equivalence.
We note that D does split at every real prime p of the center, since (A,¯) is orthogonal -cf.
§1.2.
If D is not split at the finite prime p,h p is an Hermitian form over the local division algebra D p and so is again uniquely determined up to equivalence by its rank (cf. 
Finally, consider the statement on conjugacy of subgroups of Sp(V, h). Since G and G are conjugate in GL(V ), there is a φ ∈ GL(V ) such that s → φ −1 sφ is an isomorphism G → G . This map and the identity are symplectic representations which are linearly equivalent, so by III we can find ψ ∈ Sp(V, h) such that s → ψ −1 sψ is an isomorphism G → G .
Unitary and orthogonal representations over finite fields
If K is a finite field, the simple algebra A is a matrix algebra M(n, L) over the field L. in the reverse direction. Thus we consider all possibilities forh (up to equivalence) and (A,¯), and for each such pairh, (A,¯) we determine the form h by first determiningĥ by Hermitian Morita theory using Lemma 1.8, and then h = n g trd A/Kĥ via the transfer theory using Lemma 1.10. The equivalence classes of h's so obtained are those whose forms which admit an equivariant representation linearly equivalent to ρ, and the number of equivalence classes ofh's which lead to the equivalence class of h is the number of nonequivalent orthogonal representations
Orthogonal representations. If h is symmetric, then the number of equivalence classes of A-isotypic orthogonal representations G → O(V, h) is (a) 1 if (A,¯) is symplectic, m is even and h is hyperbolic, (b) 1 if (A,¯) is orthogonal and n is odd, (c) 2 if (A,¯) is orthogonal, n is even and det
We use the notation of Lemma 1.8. The formh is a symmetric, skew symmetric, Hermitian or skew Hermitian form over L on L m with matrix 0ĥ . Suppose first thath is skew symmetric -in particular, m is even and the involution on K is the identity. If the involution on A is orthogonal, the formĥ is skew Hermitian and the form h must be skew symmetric. This case is already handled in §2.
Ifh is skew symmetric and the involution on A is symplectic,ĥ is an Hermitian form over A on L n×m , and its transfer h = trd A/Lĥ is a symmetric form over 
when n is even. This gives (b) and (c). Now suppose that the involution on A is of the second kind, so we can take h 0 = I n since Hermitian forms over a finite field are characterized by their dimension (cf. Table 1 ). Consider first the case where the involution on K is the identity. If h is skew Hermitian, h is skew symmetric. Ifh is Hermitian, we get one class of orthogonal representations for the form h since there is only one equivalence class of
by Lemma 1.1, since trd A/Lĥ has matrix I m ⊗ I n and the discriminant of the binary symmetric form Tr L/L0 (xȳ) on L is −λ 0 . This is (d). Now suppose the involution on K is also not the identity. There is only one equivalence class of skew Hermitian forms on L m , and it gives rise to a single equivalence class of unitary representations (with respect to a skew Hermitian form). Similarly we get a single equivalence class of unitary representations with respect to an Hermitian form from the unique equivalence class of Hermitian forms on L m . III is clear from I and II.
Unitary and orthogonal representations over local fields
If A is an Abelian group, σ 2 (A) denotes the number of square classes (A : A 2 ). In this section K is a local (non-Archimedean) field. It is "dyadic" if 2 is not a unit, "nondyadic" otherwise, and 
Unitary representations. The number of equivalence classes of A-isotypic unitary representations G → U(V, h) is
and 0 otherwise.
Orthogonal representations. The number of equivalence classes of A-isotypic orthogonal representations G → O(V, h) is
In (g), αh 0 is the symmetric form of rank n and matrix αh 0 . The determinant of its trace Tr L/K αh 0 is disc(L/K)N L/K (α det h 0 ). Its Hasse symbol can be calculated using [6] , Lemma 1, 3, but the result unfortunately involves the unknown factor S K ( α disc h 0 ), the Hasse symbol of a "scaled trace form" of the extension L/K. It is possible, however, to give complete results when K is a nondyadic field; this is carried out in Theorem 4.9.
We note that the discriminants of the h in this case are
and, by Remark 1, the number of equivalence classes is 1 if l is odd and K is nondyadic, or if A is split. 3. In (i), S(h 0 ) is well-defined. In fact, by Lemma 1.
since disc h 0 = 1 implies that det h 0 = (−1) n(n−1)/2 . 4. The integer m can be calculated easily from a knowledge of h and (A,¯). Namely, the rank of h is mnd 2 l.
Proof. The proof proceeds in the same way as that of Theorem 3.1, starting with the formh
and then "descending" first tô
via Morita theory using Lemma 1.8, then to
or 4) via a transfer from D to L, and then finally to
This means thatĥ is a skew symmetric matrix (Lemma 1.7), m is even, and A has index 1. If the involution on A is orthogonal, i.e. h * 0 = h 0 so 0 = 1, thenĥ is skew Hermitian (cf. p. 4698), and so trd L/Kĥ = g n h and h are skew symmetric. Since the skew symmetric case is handled in §2, we ignore it here.
If the involution on A is symplectic, h 0 is skew symmetric andĥ is Hermitian. The transfer trd A/Lĥ is symmetric on L nm with discriminant matrix −ĥ ⊗ h 0 by (1.7). This implies readily that trd A/Lĥ is hyperbolic, and so trd A/Kĥ and h are also hyperbolic. Thus we get exactly one orthogonal representation, up to equivalence, and it is on a hyperbolic space. This is the index 1 case of (e).
Thusĥ is a symmetric matrix. If the involution on A is symplectic,ĥ is skew Hermitian and h is skew symmetric, and this is already handled elsewhere. 
Now suppose the involution on A is orthogonal. Thenĥ is Hermitian and the transfer trd
by local class field theory, and it follows that, when l is odd, the map
induced by the norm is onto; thus it is an isomorphism when K is nondyadic, and in general has kernel of order σ 2 (L * )/σ 2 (K * ). This means there are exactly 
Thus in this case the symmetric forms on K lmn which support an orthogonal representation of G which is linearly equivalent to ρ are those with determinant in
lmn is a square), and each of them supports | kerN| different orthogonal equivalence classes of orthogonal representations. This completes the proof of (f). Now suppose that n is odd and m = 1. Ifĥ = (α), b = trd A/Lĥ = α h 0 , which has determinant α n det h 0 . Since n is odd, we get one form
By the same analysis as in the case m > 1, the discriminants which occur among the transfers
of the b. This proves (g). We note also that this shows that the possible discriminants of h are (
, as mentioned in Remark 2 after the theorem. Now consider the case when n is even (and the involution of A is orthogonal). The determinant of the transfer b = trd A/Lĥ down to L is the same for allh, namely (det h 0 ) m , and
by Lemma 1.3 (iv) . If disc h 0 ∈ L * 2 , this implies that we get both forms of determinant (det h 0 ) m over L, and so, by Lemmas 1.1 and 1.2, both forms of determinant
3) one of the forms arises from thoseh whose determinants are in the kernel of canonical homomorphism
so the number of equivalence classes of orthogonal representations for each of the two forms is
. This is (h).
On the other hand, disc h 0 ∈ L * 2 means that det h 0 = (−1)
and det b = (−1) mn/2 ; in this case we get only one form over L as a transfer -that with determinant (−1) mn/2 and Hasse symbol
Therefore there we get only one G-invariant symmetric form
lmn/2 , and we now determine its equivalence class. 
Suppose first that mn/2 is even. Then det b = 1 and dim
The involution on A is unitary, so we are assuming that h 0 is an Hermitian matrix, h * 0 = h 0 . The formĥ and its discriminant matrixĥ are skew Hermitian. If the involution is the identity on K, h is skew symmetric and we can ignore it.
Suppose therefore that the involution is not the identity on K,
whereĥ 1 is an Hermitian matrix. Then the determinant of trd
and detĥ 1 and det h 0 are both in L * 0 . If n is even, we get but one form (up to equivalence) as a transfer over L -it has determinant (λ Suppose now that n is odd. Then there are two transfers (up to equivalence) down to L, with their determinants representing the two possible classes in
, the following lemma and Lemma 1.1 imply that their transfers down to K are also distinct, and so we have 2 distinct skew Hermitian forms over K each with a single unitary representation. This is the skew Hermitian version of (a). similarly, using the same separable closure. Let Gal L0 and Gal K0 be the absolute Galois groups of L 0 and K 0 . We may assume Gal L0 ⊂ Gal K0 , and this inclusion induces a homomorphism
Lemma 4.3. The homomorphismN
: L * 0 /N L/L0 L * → K * 0 /N K/K0 K * induced by N L0/K0 is onto.
Proof. Let Gal
This fits into the commutative diagram
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 
where the right vertical map is restriction -and is an isomorphism. Since the horizontal maps are isomorphisms by local class field theory,N is an isomorphism as well.
is Hermitian and the involution is unitary. The transfer trd A/Lĥ ofĥ down to L is Hermitian with determinant (detĥ)
n (det h 0 ) m . Thus if n is even we get only one form over L (up to equivalence), while if n is odd we get two.
We consider first the case when the involution is the identity on K (so h is symmetric) and n is even. 
by Lemma 1.3; this condition is equivalent to (−1)
By Lemma 1.2, the same situation obtains when we take the transfer down to K, and in either case we get a single symmetric form h supporting 2 nonequivalent orthogonal representations. This is (d).
Now suppose that the involution is the identity on K and n is odd. As in the case n even, the two transfers to L 0 have matrix (trd A/Lĥ ) ⊗ 2, −2λ 0 . Their determinants are both (
and their Hasse invariants are given by
. These Hasse invariants are distinct since detĥ represents both norm residue classes in L * 0 /N L/L0 L * , and so the transfers to L 0 remain distinct. Both transfers to
m , and they remain inequivalent by Lemma 1.2. This is (c).
Now suppose the involution is not the identity on K. As before, the transfer trd A/Lĥ is an Hermitian form over L with determinant (detĥ) n (det h 0 ) m . If n is even, we get but one form (up to equivalence) as a transfer over L -it has determinant (det h 0 ) m and rank mn -and so also only one transfer down to K, of determinant N L0/K0 (det , D) , where D is a quaternion division algebra over K with conjugation * as its involution. Since an Hermitian or skew Hermitian form over D has an orthogonal basis, we can suppose that h 0 is diagonal, say h 0 = η 01 , . . . , η 0n , where η * 0j = 0 η 0j for all j. If 0 = 1, we can assume that h 0 = I n (cf. Table 1) .
Similarlyh is either Hermitian or skew Hermitian, and we can assume that its matrix 0ĥ is diagonalized, sayĥ = η 1 , . . . , η m , and thatĥ = I m ifh is Hermitian. In each of these two cases, nm even or odd, we get a unique orthogonal representation linearly equivalent to ρ. This is (e) in the nonsplit case.
If h 0 is skew Hermitian ((A,¯) is orthogonal with index > 1), thenĥ is also skew Hermitian. It follows that trd A/Kĥ is skew symmetric, so we can ignore it.
If h 0 is Hermitian ((A,¯) symplectic with index > 1), thenĥ is skew Hermitian and the transfer trd A/Kĥ is a skew symmetric form (on K 4lnm ). Suppose then that (A,¯) is orthogonal, so h 0 is skew Hermitian,ĥ is Hermitian andĥ is a skew Hermitian matrix. By Lemma 1.11(a), trd A/Lĥ is the orthogonal direct sum of the mn transfers
of one dimensional forms over D. By Lemma 1.12, h ij is a quaternary symmetric form of determinant 1, and is hyperbolic if and only if (η 
Orthogonal representations. The number of equivalence classes of orthogonal representations G → O(V, h) which are linearly equivalent to ρ is as follows:
kind of # of equiv.
and 0 otherwise. When G is Abelian, we get kind of (A,¯) # of equiv. classes conditions
Two not necessarily isotypic orthogonal representations of odd type, which we assume to be split if G is not Abelian, are equivalent if and only if they are linearly equivalent and their underlying forms are isotypically equivalent.
Remark 4.5. When G is Abelian and the involution on K is the identity, the restriction of the involution of KG to any direct summand L must be nontrivial if L = K (i.e the involution is unitary), since L is generated over K by the images of G under the projection KG → L.
Proof. The assumption that ρ has odd type means that A has index 1, and that n is odd. The statements about the number of equivalence classes in each case follow by Theorem 4.1 -and by Remark 4.5 in the case of an orthogonal representation of an Abelian group.
The statements about the equivalence of two not necessarily isotypic representations follow since the conditions stated for orthogonal representations rule out the cases where the number of equivalence classes of isotypic representations is > 1.
We now treat in detail the nondyadic case in Theorem 4.1, (g), for orthogonal representations, and we begin with two auxiliary lemmas. We assume that K nr is the unramified closure of K in L, with (K nr : K) = f , and that K tm is the largest tamely ramified subextension of L/K, with (K tm : K nr ) = e. Let (L : K tm ) = q, which is a power of the residue class field characteristic p and so is odd.
Recall that G = Gal(L/K). Note that in the case when K is nondyadic, σ 2 (G) = (G : G 2 ) = 1, 2, or 4 (since, for example, it is the order of the kernel of the map L * /L * 2 → K * /K * 2 induced by the norm, according to the proof of (f) of Theorem 4.1). 
Lemma 4.6. (a) The Galois group
for any tamely ramified Galois extension L/K of a Henselian field K. (b) follows at once from (a), since the wild ramification index (L : K tm ) is odd.
Let c K (h) denote the Witt invariant of the symmetric form h. The following lemma is easily checked.
Lemma 4.7. (a) If the rank of h is odd, then c K
If M/K is any finite separable extension, M stands for the symmetric form Tr M/K (xy) (x, y ∈ M ); in other, words, M is the transfer of the symmetric bilinear form over M with matrix (1). We also denote by ord K α the order of α ∈ K * with respect to a prime element of the K. Let h be a symmetric form of rank n over L. Define
Lemma 4.8. Suppose that K is a nondyadic field and that the rank
f/2 discL/K) K if e and f are both even.
Here π and Π are prime elements of K and K tm respectively, arbitrary unless f is odd, in which case they are chosen to satisfy Π e ≡ −π mod K * 2 nr .
Proof. The first formula (4.4) follows from [5] , Theorem 4.4, 3. The second formula follows from [5] , Theorem 5.6, after a straightforward computation. It uses the Proof. We know that the invariant forms on V are those of the form
Since n is odd, we can assume that det
Suppose e and f are both odd. Then (L : K) is also odd, and by (4.4) and
is an isomorphism when (L : K) is odd, the theorem follows in this case.
Suppose e is odd and f is even. We first prove that the image ofN : 
nr is bijective since the degree of L/K nr is odd. The norm of a nonsquare unit of K nr in K is a nonsquare since
, and the norm in a finite extension of finite fields is onto. (Here o is a ring of integers, k its residue class field, and the vertical maps are norms.) Thus the image ofN is as stated. It also follows that each of these images is the image of a square class of L containing a unit and of one containing a prime.
Thus
, so an invariant form must have one of these determinants. By Lemma 4.8, (b),
(We can drop the n from this expression, since n is odd and r only appears in the exponents of powers of −1.) Thus
By local class field theory, N K(
* consists of two of the four square classes in K * /K * 2 , and it is clear they must be K * 2 and −πK * 2 . It follows that is not a norm from K( √ π), and so (π,
, the statement in the theorem for e odd and f even follows readily.
Suppose next that e is even and f is odd. The norm from L to K tm (on nonzero elements) is bijective mod squares since the degree is odd. It follows from Lemma 4.6, (b), that the norm from K tm to K nr takes units to square units, and all primes to a single square class containing primes, and so the same thing is true for the norm from L to K since (K nr : K) = f is odd.
By Lemma 4.8,
implies that the norms of α and α down to K are equal mod squares, we get one invariant form supporting two inequivalent orthogonal representations.
We now show that the condition ord
have the same parity, and the same is true of
Thus the condition is equivalent to
as desired.
By a now familiar argument, (Π, N L/Ktm α) Ktm takes on both ±1 for the two possible square classes that α represents, and so we get two invariant forms, each supporting one orthogonal representation. This finishes the proof of the case e even and f odd. Now suppose both e and f are even. Then det Tr L/K αh 0 = disc(L/K) by Lemma 4.6 (b). Also (4.5) again holds, and so, if ord L α ≡ ord Ktm disc(L/K tm ) mod 2, we get one invariant form of determinant disc(L/K) and Witt invariant c L (h 0 ) with two inequivalent orthogonal representations. In the other case, we get two inequivalent invariant forms, again with determinant disc(L/K), with one orthogonal representation for each. This finishes the proof of the case e and f both even, and of the theorem as well.
Global fields and the Hasse Principle
In this section, K is a global field with an involution¯. Our principal goals are to consider problems I, II and III for split representations over K, and to prove the Hasse Principle for equivariant representations.
In the case of split representations, it is particularly easy to determine the equivariant representations of G: if A is simple with involutionā = h , whose (ordinary) equivalence classes characterize the equivariant equivalence classes of ρ. We now look more closely at the last step in this association, the Hermitian Morita equivalence ofĥ i andh i , using the "Hermitian Morita context" of Lemma 1.8.
There is an i -Hermitian matrix
* h 0i is i -Hermitian and, if D i is a quaternion algebra and the involution on A i is of the first kind, the adjoint involution¯on D i is conjugation; in this latter case we note that i = 1 respectively −1 if (A,¯) is symplectic respectively orthogonal. Twist the action of A i and D i on V 0i using their involutions, and let V 0i denote the resulting (D i , A i )-bimodule.
By the Hermitian Morita theory, there is a nonsingular i -Hermitian form H 0i : V 0i ×V 0i → D i whose adjoint involution on A i is¯and which satisfies the Hermitian Morita associative relationship
It effects an equivalence between the category Ai H of -Hermitian forms over A i and the category Di H i of i -Hermitian forms over D i , via the mapĝ H 0iĝ (product of forms-cf. [8] , §2). This is the equivalence described in Lemma 1.8.
By Table 1 in §1.1 and 10.4.6, [21] , the Hasse Principle applies to the forms H 0iĝ unless they are skew Hermitian ( i = −1) and D i is a quaternion division algebra which is nonsplit at more than 2 primes. These exceptional cases are precisely those arising from (*), and so, in order to prove the sufficiency of the condition in the theorem, we assume that A i V = 0 for any such exceptional i, 1 ≤ i ≤ k. Of course this means also thatĥ i = 0.
It follows that ρ ∼ = ρ if and only if (H 0iĥi ) P ∼ = (H 0iĥ i ) P for 1 ≤ i ≤ k and all primes P of L i0 , where L i is the center of D i and L i0 is the subfield of elements fixed by the involution of L i . We now wish to show that this is equivalent with
In doing this we shall drop the index i from L i , L i0 , D i , etc., in order to simplify the notation.
given by
where ι j : K 0p → L 0Pj is the inclusion. We identify L p and P|p L P via this isomorphism. Similarly we identify
where W is a vector space over D, via the isomorphisms Proof. First of all, f P : W P × W P → D P ⊂ Dp and so can be considered as a sesquilinear form over Dp. Then Proof. There is a standard K 0p -isomorphism φ :
. It is easy to check that φ is an isomorphism of B p -modules, and that it is also an equivalence between the forms (f g)p and fpgp. (Recall that the definition of the product f g :
We now prove that the Hasse Principle holds, under the assumption that AV = 0 for every simple direct summand A of KG which satisfies (*). Any such summand is certainly one of the A i , 1 ≤ i ≤ k, defined in §1. 
3).
If A i is a hyperbolic involution algebra, so is A ip . Otherwise A i is of index 1 with a symplectic respectively orthogonal involution (which implies that the involution on K is the identity), and so A ip is likewise of index 1 with a symplectic respectively orthogonal involution, or is a direct sum of such involution algebras. Thus if ρ is orthogonal respectively symplectic, the forms ( h p ) i and ( h p ) i arising from these algebras are determined by the K p G-module structure of the spaces on which they are defined (cf. The forms h 0i : V 0i × V 0i → A i and H 0i :V 0i ×V 0i → D i are nonsingular iHermitian forms which satisfy the associativity relationship (5.3). The forms h 0ip and H 0ip also satisfy the associativity relationship:
It follows from the Hermitian Morita theory that h 0ip and H 0ip induce a category equivalence between the category of -Hermitian forms over A ip and the category of i -Hermitian forms over D ip . This implies that
This together with (5.5) shows that ρ ∼ = ρ if and only if ρ p ∼ = ρ p for all p (sincê h i = 0 for m < i ≤ k). Conversely, suppose that A i V = 0 for some A i satisfying (*). In particular, ρ is orthogonal ( = 1, i = −1) or symplectic ( = −1, i = 1). Then H 0iĥi is a skew Hermitian form over D i onV 0i ⊗ A i V , and there is another nonsingular skew Hermitian form over D i on the same space, which is locally equivalent to H 0iĥi C. RIEHM at all primes P but not globally equivalent to it (cf. [21] , 10.4.6). By Morita equivalence there is an -Hermitian formĥ i over A i on A i V which is locally but not globally equivalent toĥ i . This gives rise in an obvious way to an orthogonal or symplectic representation ρ : G → U(V, h ) which is locally equivalent to ρ at all p but not globally equivalent. Namely, one definesĥ = ⊥ jĥ j , whereĥ j =ĥ j for all j = i, and then h = Tr KG/K •ĥ (cf. (1.3) ). This finishes the proof of Theorem 5.6. Proof. If the representation is unitary, (*) does not apply. If the characteristic is = 0, the A i all have index 1 and so again (*) does not apply. Suppose that the characteristic is 0. If the degree of every absolutely irreducible character is odd, no A i is similar to a quaternion algebra. In (d) the A i also have index 1 -see [7] , 14.5, p. 77.
Equivariant representations of the symmetric group.
As with linear and projective representations, the equivariant representation theory of S r is especially explicit -the essential points are that all representations are split and that one can calculate the invariant symmetric form h 0 explicitly for an irreducible representation ρ : S r → GL(V ). This is of course the same matrix involved in the involutionā = h −1 0 a * h 0 on the direct summand of KG corresponding to ρ, induced by the canonical involution of KG. The procedure for the calculation of h 0 is described in [10] ; we illustrate it by an example. This method applies if char K = 0 or p > r.
We note that when G = S r , every simple involution algebra component A of KG is orthogonal. In characteristic 0, this follows from the existence of a nonsingular invariant symmetric form on a simple A-module -in fact it can be assumed to be a positive definite form defined over Q -and from the fact that such a form is unique up to scalar multiples since A is split. In characteristic p, there is also a nonsingular invariant symmetric form on any simple module, which is described explicitly later in this section via the example.
If K has a nontrivial involution and KS r has the corresponding canonical involution, then every simple involution component A of KS r is again a simple algebra. This follows from the fact that KS r is split over the prime subfield, so A = K ⊗ K0 A 0 , where A 0 is a simple involution component of K 0 S r , and the involution on A is the tensor product of the involutions on K and A 0 . This implies that the Hermitian matrix h 0 for the unitary involution on A is identical with the symmetric matrix for the involution of the first kind on A 0 .
All of the facts cited in the following about representations of S r can be found in [10] .
We recall that each irreducible representation of S r arises from a partition α = [α 1 , α 2 , . . . , α k ] of r; thus the α i are positive integers satisfying α 1 ≥ α 2 ≥ · · · ≥ α k and i α i = r (cf. [10] , pp. 350 and 376). We shall describe the calculation of h 0
